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Abstract 

We give a necessary and sufficient condition for the existence of a 
quadratic exponential vector with test function in L 2 (R d ) n 
We prove the linear independence and totality, in the quadratic Fock 
space, of these vectors. Using a technique different from the one used 
in [2], we also extend, to a more general class of test functions, the 
explicit form of the scalar product between two such vectors. 

1 Introduction 

Exponential vectors play a fundamental role in first order quantization. It is 
therefore natural to expect that their quadratic analogues, first introduced 
in |2bj . will play such a role in the only example, up to now, of nonlinear 
renormalized quantization whose structure is explicitly known: the quadratic 
Fock functor. 

The canonical nature of the objects involved justifies a detailed study of their 
structure. 

Let us emphasize that the nonlinearity introduces substantially new features 
with respect to the linear case so that, contrarily to what happens in the 
usual deformations of the commutation relations, quadratic quantization is 
not a simple variant of the first order one, but interesting new phenomena 
arise. 

For example usual exponential vectors can be defined for any square inte- 
grable test function, but this is by far not true for quadratic ones. This 
poses the problem to characterise those test functions for which quadratic 
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exponential vectors can be denned. This is the first problem solved in the 
present paper (see Theorem fl3j)). 

Another problem is the linear independence of the quadratic exponential 
vectors. This very useful property, in the first order case, is a simple conse- 
quence of the linear independence of the complex exponential functions. In 
the quadratic case the proof is more subtle. This is the second main result 
of the present paper (see Theorem (jSJ)). 

For notations and terminology we refer to the papers cited in the bibliogra- 
phy. We simply recall that the algebra of the renormalized square of white 
noise (RSWN) with test function algebra 

^:=L 2 (M d )nL°°(M d ) 

is the *-Lie-algebra, with self-adjoint central element denoted 1, generators 

{B+,B h ,N g ,l : f,g,h E L 2 (R d ) PI L oc (W i )} 

involution 

(B+Y = B, , N} = Nj 
and commutation relations 

[B f , B+] = 2c{f, g) + 4JV /p , [N a , B+] = 2B+, c > 

[B+,B;] = [B f ,B g ] = [N a ,N a/ ] = 

for all a, a', f,gE L 2 {R d )nL oc {R d ). Such algebra admits a unique, up to uni- 
tary isomorphism, *-representation (in the sense defined in [7j) characterized 
by the existence of a cyclic vector $ satisfying 

B h $ = iV g $ = : g,he L 2 (R d ) fl L°°(R d )} 

(see [3] for more detailed properties of this representation). 



2 Factorisation properties of the quadratic 
exponential vectors 

Recall from [2b] that, if a quadratic exponential vector with test function 
/ G L 2 {R d ) n L°°(lR d ) exists, it is given by 

n>0 
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where by definition 

#(0) : = 5+°$ := $ 

(notice the absence of the square root in the denominator). 
In this section, after proving some simple consequences of the commutation 
relations, we give a direct proof for the factorization property of the expo- 
nential vectors. 

Lemma 1 For all f,g E L 2 (R d ) n L°°(R d ), one has 

[N f ,B^] = 2nB^B+ g , (1) 

[B f , B+ n ] = 2nc(f, g)B+^ + AnB^N Jg + 4n(n - l)B+^B+ g2 . (2) 
Proof. The mutual commutativity of the creators implies that 

71-1 

i=0 

71-1 

which is (HI). To prove (|2J) consider the identity 

71-1 

\ B h B T\ = Y, B t i [ B ^ B t] B t {n ' i ~ l) 

i=0 

71-1 

i=0 

n-1 

= 2nc(f,g)B« n -V + B ¥ N ■ 

i=0 

From (TTJ) it follows that 

N Jg B^ n -^ = B+^-'-VNfg + 2{n-i- l)B^ n -^B± g2 . 
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Therefore, one obtains 

[B f ,B+ n ] = 2nc(f,g)B+^+4nB+^N fg 

n-l 

+4^S g +i (2(n - i - l))B^ n -^B± g2 

i=0 

= 2nc(f, g}Bp n -V + AnB^N fg 
+8 (j2(n-i-l)\B^B± 2 
= 2nc(/, g)B^ + 4n J B ff +^ 1 )iV / - g 
+8 {%n-i-l)]B^B% 2 



2nc(f, g)B^ n ~ 1) + AnB+^Nj 
+8 (n{n - 1) - ^Y 1 ) ) B+^Bi 

2nc(/, ^)5 9 +{ "- 1) + AnB+^N fg 
+4n(n-l)S 3 + ( n - 2 ) J B± 2 . 



□ 



Lemma 2 Let A, . . . , / fc , ffi, ...,£/» G L 2 (R d ) n L°°(R d ). ITien, one /ias 
% . . . . .fl+S = 0forallk>h> 0. 

Proof. It is sufficient to prove that 

Bf„. 1 -..B fl B+...B+Q = Q, VheK (3) 
Suppose by induction that, for /i > 0, d3J) is satisfied. Then, one has 
Br B f B + £? + $ = Br Br \B f B + B + ]§ 

^fh+i ■ ■ ■ ^h^gu ■ ■ ■ ^gi * ^fh+i ■ ■ ■ 1J j2\. 1J hi 1J g h ■ ■ ■ ^gx^ 

1 

= B fh+1 ...B f2 J2 Bt ■ ■ ■ fi; +1 (2c(/ 1; 9i ) + 4N hg J 



Bj ...BJ$ 

gi-i 91 



i 



2c£</i, gi )(B fh+1 . . . B f2 )(B+ . . . B+ . . . B+)<* 



i=h 
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+4£(% +1 • • • B h )(B+ . . . .V,„ /i„ . . . II, )<I>. 

i=h 

By the induction assumption 
1 

J2(h,9i)(B fh+1 . . . B h )(B+ h .../;,... IK, )<L = 0. 



Therefore, one gets 

B f B f B + S + $ 
^/h+i • • • LJ h 1J 9h • • ' 9i 



i 



4 £(% +1 • • • n ^ n , • • • B l + , N h 9i B L, ■ ■ ■ 

i=h 

4 . . . % 2 ) . . . B+ +1 K : • • • • • • K 

i=h \ m=i—l 

4 V B ffci1 ...B f , ? B+..B+ | 2 V B+ . . . S+ 5+ ...5 



j=h \ m=i— 1 

1 1 



= 8V V B ?ul ...5 f J+-..B„ + ...B+...B+B± $, 

i=h m=i— 1 

which is equal to by the induction assumption. □ 

Lemma 3 Let I, J C M d siic/i £/m£ I H J = <fi and let fi, . . ■ , fh, f{, ■ ■ ■ , fy, 
9l , . . . , g k , tf x , . . . , g' k , e L 2 (R d ) n such that 

supp (fi) C I , supp (//) C I , sitpp (#) C J , snpp ((jj) C J 

Then, for h ^ h! or k ^ k! , one has 

(Bt . . . . . . Bt, . . . Bt B + , ... 5+$) = 0. 

N fh h 9k 9i ' f' h , f[ g' k , 9i ' 

Proof. Lemma ([1]) and the polarization identity imply that 
[Bf h . . . Bf ± , B^, . . . Bp] = 0. Therefore, it is sufficient to prove the result 

for h h! . Taking eventually the complex conjugate, we can suppose that 
h > h! . Under this assumption 

(B+ ...BtBt ...£+$,£+, ...B+Bt ...B + ,$) 

N fh h 9k 9i ' f h , f[ g' y g\ l 

= (Bt ...B±®,B + , ...B + ,(B f ,...B fl Bt, ...B±)$) 

v 9k 91 ' 9 k , 9i v J>> J 1 f h i fi> 1 



and the statement follows because, from Lemma [2J one has 

B fh ...B h Bl ...B+$ = 0. 

□ 

For / C M d , denote Hi the closed linear span of the set 
{B+ n $, neN, f E L 2 (R d ) n L°°{R d ) such that supp (/) C 1} 
and H = H Rd . The space H, denoted T 2 {L 2 {R d ) n L°°(R a! )), is called the 
quadratic Fock space with test function algebra L 2 (M. d ) D L°°(R d ). 

Lemma 4 Let J, J C ^ suc/i t/iai I D J — (p and let fx, . . . , f h , f[, . . . , 
9ii ■ ■ ■ i9k, 9xi ■ ■ ■ iffk ^ ^W) n L°°(M d ) snc/i ttat 

SU PP (/i) C ^; s,f W ifi) C ^; S ?W (<7i) C J and StZjOp ((?•) C J. 

JTien, one /ias 

( B t ■ ■ ■ B t B t ■ ■ ■ B i--- b \k ■ ■ ■ b :^ 

= ( B l ■ ■ ■ *£*i> B \--- B r^) (K ■ ■ ■ B t ■ ■ ■ K^)- ( 4 ) 

Proof. By induction on h. For h = 1, one has 

H B i---K*> B fi B i--- B i*) 

= (Bi...B+<S>,B+ k ...B+(B fl B^) 
= 2c(f 1 Ji)(B+...B+*,B} h ...B+*) 
= <B+$„ BfQMB* . . . B+*j, B+ . . . B+*j). 

Let h > 1 and suppose that (jl]) holds true. Then, one has 

( B i + , B f h ■ ■ ■ B t B t ■ ■ ■ m b \ + b i ■ ■ ■ b i b i ■ ■ ■ b :>*) 
= (K ■ ■ ■ b ik ■ ■ ■ *s *. B f^ B r h+ B i ■ ■ ■ b \ b \ b i ■ ■ ■ b :^ 

= E ( b i ■ ■ ■ b xk ■ ■ ■ k ■ ■ ■ b ^k +1 ■ ■ ■ ^ ' s /J • • • B ii^ 

m=h+l 

1 

= 2c (A+iX) 

m=/i+l 

( B i ■ ■ ■ B t B t ■ ■ ■ K ■ ■ ■ B :^ B r h+1 ■ ■ ■ B t ■ ■ ■ B n^) 
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1 

m=h+l 

(B+..B+)(B+ ...B+ Ni ft Bt ...£+)$). 

V 9 k 9l' K 4 + 1 J m + l Jh+lJm } m _ 1 } x l I 

By the induction assumption 



i 




m=h+l 
1 



m=h+l 

Moreover 

(Bt ...BtBt ...Bt®,B + , ...B+B+ ...Bt N T « Bt . . . B±$) 

1 

= V (St ...BtBt ...B+$, 

i=m— 1 

B + ,...B + ,Bt, . . . Bt . . . \Nf, f , ,B±]...B±Q) 

9 k Si f' h+ l 1™ 1 Jh+lJ m ,i /( / 

1 

= 2 E ( B i--- B X B t---K^ 

i=m—l 

B+ ... B+B+B+ ...B+ ...B+... B+B+ f , ,,$). 

9 k 9l 9i J h+1 Jm h n Jh+lJmh 

Again by the induction assumption, this term is equal to 
i 

2 V (Bt...5t$j,Bt ...B± ...B±...B±B± ,,,,$/) 

i=m—l 

(Bt ...B+$j,B + , ...Bt®j). 

\ 9k 9i Jl g' k 9 X J 1 

Hence, one obtains 
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1 

= { E H/^> O ( B t ■ ■ ■ B ti -*k~- B n^ 

m=h+l 

+8 E (Bj h . . . B+i„Bf Ui . . . Bf, . . . B+ . . . fl+B+ +i/ , »,)] } 



i=m— 1 

\ 9fc gi J , g' k g\ J 1 

Since the term between square brackets is equal to 

This completes the proof of the lemma. □ 
Lemma 5 Let I, J C M. d such that I fl J = 0. Then, the operator 

Ui,j : ft/uj ->Hi®Hj 

defined by 

U JtJ {B+ . . . . . . Bj*™) = (B+ . . . B+S,) ® (B+ . . . B+*j) 

where supp (ft) C /, supp (gt) C J, is unitary. 

Proof. It is sufficient to prove that for all f n , . . . , fx, f' k , . . . , f[ G Hi] 
9m, . . . ,gi,g' h ,. . . ,g[e Hj 

(Bt ...BtBt ...B+$ IUJ ,B± . . . Bt B + , ...B + ,$ IUJ ) 

\ fn h 9m gi iuJ ' f' k f{ g' h g[ 1UJ ' 

= (Bt ...Bt$i,B± ...Bt<f>i)(B+ ...Bt$j,B + , ...£+$,). (5) 

\ fn fl ■" f' h f[ 11 \ 9m gi •> i g' h g\ I \ I 

Note that Lemma [3] implies that (jSJ) holds if n ^ h or m ^ h. Moreover, if 
n = k and m = h, then from Lemma HI the identity (jSJ) is also satisfied. This 
ends the proof. □ 

Theorem 1 Let ii, . . . , I n C M. d such that U PI Ij — (j) for all i ^ j. Let 
6e i/te operator defined by Lemma\^ Then, the operator 
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given by 

U h ,... Jn = {U Iuh ® l ft ® . . . <g> l In ) o (U hul2tl3 ® l /4 ® . . . ® l Jn ) o . . . 

• • • ° (^/iU...U/„_2,/„-l ® ° ^/lU...U/ n -l,/n 

is unitary. 

Proof. For all G {2, , n} (hi). . .U4_i)n4 = 0. Therefore the operator 

^Jiu...u/ fc _ 1 ,4 : ^Ui=i-fi ~" ^U?=i A ® 

is unitary because of Lemma [5j In particular Ui ly __ } i n is a unitary operator. 
□ 

Theorem 2 (factorization property of the quadratic exponential vectors ) Let 
ii, . . . , I n C M. d such that Ii H Ij = 0, /or a// i ^ j and /et 
Ui u .,.j n : — >■ (S)™=i ® ■ • • ® W/ n &e i/ie unitary operator defined by 
Theorem [IJ 

TTien, /or a// / G L 2 (|J" =1 /«) fl (UILi ^) s,uc ^ ^(/) ea ^sts ; one ftas 
U ht ..jJB(f) = *(//J ® • • • ® *(//„) 

w/iere / 7i := /x/ r 

Proof. Denote = U f=1 Then, £fj 1 u...u.r fc _ 1 ,i fc = Uj k _ lt i k is a unitary 
operator from H Jk to W Jfe _ 1 <g> W Jfc . Let f £ L 2 (U™ =1 A) n L°° flXi J *) be 
such that exists. Since 

n 

f = fh = fjn-l + fin 

1=1 

it follows that 

m 

5+™ = (£+ + S+ ) m = V B+ (m - fe) 

/ V J J n-1 Jin' Z-^ m J J n-1 tin 

fc = 

where 

C k = m] 

(m — k)\k\ 
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Therefore, one obtains 

m 
k=0 

This gives 

Uj n _ uI Mf) = Wj n - i )®Wi n )- 

Now, one has 

(U Jn _ 2 ,j^ ® 1/J o (U Jn _ lJn )S>(f) = (Uj n _ 2jn _^(fj^)) ® *(//J. 
In the same way, we prove that 

^Jn- 2 A-l*(/j»-l) = *(/jn- 2 ) ® *(//„-l)- 

Hence, the following identity holds 

(^,,4, ® 1/J o (^„_ 1J /J*(/) = *(/j_ a ) ® ® *(//.)■ 

Iterating this procedure one finds 

(Uj k ,I k+1 ® l 4+2 ® ■ ■ ■ ® 1/J O ([/ Jfe+1 ,/ fc+2 ® l/ fc+3 ® ■ ■ ■ ® 1/J 

o • • • o £/ W „*(/) = *(/ Jfc ) ® *(// fc+1 ) ® . . . ® *(/,J 

or equivalently 

Ui u ...jjf(f) = (U h j 2 ® l/ 3 ® . . . ® 1/J o (E/ Jaj/3 l /4 ® . . . g> 1 7 J 
o---o«7 ill _ lA *(/) = *(/ /l )®...®*(/ / J. 

□ 

3 Condition for the existence of the quadratic 
exponential vectors 

When both ^f(f) and *&(g) exist, the explicit form of their scalar product 
was determined in [2b], for step functions in E with bounded supports. We 
further prove that the sufficient condition for the existence of a quadratic 
exponential vector with a pre-assigned test function, given in |2bj . is also a 
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necessary conditon. Finally, using the factorization property of the quadratic 
exponential vectors and an approximation argument, we extend the formula 
for the scalar product to exponential vectors with arbitrary step functions. 
Due to the nonlinearity involved in this form of the scalar product, the ap- 
proximation argument is not as straightforward as in the first order case. A 
different proof of this result was obtained in [2J. 

Lemma 6 For all n > 1 and all f, g, he L 2 (R d ) n L°°(R d ), one has 

(B;<»-"*,B,Br*> = °E 22t+1 ffa-HVI n, w'^') 

A;=0 ^ >'' 

( B +C"-fc-i)$ jB +(«-fc-i)$). ( 6 ) 

Proof. Let us prove the above lemma by induction. For n = 1, it is clear 
that identity © is satisfied. 

Now, let n > 1 and suppose that (jSJ) holds true. Note that, from (j2J) it 
follows that 

B h Bp n+1 ^ = 2(n + l)c(h, g)B+ n <5> + 4n(n + l)B^ t B+^~ 1 ^. 

Then, one gets 

(B+ n $,B h B+( n+ V$) = 2{n + l)c(h,g)(B+ n $,B+ n <S>) 

+4n(n + l)(B+ n) $, BfoB+W*) 
= 2(n + l)c(f,g)(B^,B^) 



+4n(n + l)(B+ in - 1) <S>,B hq2 B+ n <5>). (7) 



Therefore, by induction assumption, one has 

n-l 

r)2fc+l 

k = ((n — k— 1)!) 

-i n!(n-l)! /Jm ^ 

k=l 

(B+(«-*)$,.B+(»- fc >$) 



9 
n 

C Z^ 2 ((n-Jfe)!) 2 ^ ' /; 
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It follows that 



An{n+l){Bt^ 1] ^,B- hg ,B^) = c^2 2fc + 1 |^| (hf k ,g k+1 ) 



'f 

Finally, identities (j7j) and ([S]) imply that 



k=l 

(B+ {n - k) $,B+( n -V$). (8) 



k=0 



((n-Jfe)!) 5 

This ends the proof. □ 
From the above lemma, we prove the following. 

Proposition 1 For alln>\ and all f,ge L 2 (R d ) n L°°(R d ), one has 



n-1 



k=0 



((n-k-l)\y 

( 5 +("-*-l)$ JB +(«-fc-l)$). 

Proof. In order to prove the above proposition, it is sufficient to take f — h 
in Lemma [6j □ 
As a consequence of the Proposition [TJ we give a necessary and sufficient 
condition for the existence of an exponential vector with a given test function. 



Theorem 3 Let f G L 2 (R d ) n L 2 (M. d ). Then, the quadratic exponential vec- 
tor ^(f) exists if and only if \\f\\oo < §■ 

Proof. Sufficiency. Let / 6 L 2 (R d ) n L 2 (R d ) be such that H/IU < §. From 
the above proposition, one has 



n-1 



= 22t+1 ((n "_" fc _ 1 1 ) ), ) J ii/ t+ 'ii^i|g; ( "' i '"f II 2 
'E 221+, 77^tWiii/' +, ii 2 ii b / +( "^ 1, *ii 2 



k=0 

n—l 

c 

k=l 
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+2nc||/||^||i? / +( ' l - 1) $|| 2 + 2nc\\f\\l\\B^- 1 ^r 



n-2 



2k+3 



n\(n — 1)! 



fc=0 



(((„-!) -*-!)!)= 



fc + 2 ||2|| J B+ ((n " 1) ^ 1) $|| 2 



n-2 



< 



(Mn-l)||/fj|c^2 
11/ 



2fc+l 



{n - \)\{n - 2)\ 



k=0 



(((n-l)-fc-l)!)! 



/■•+l||2jg+((n-l)-*i-l)^||2 



(9) 



Note that 

, + (77.-1)^1,2 



n-2 



B +(n-D $ ||2 = c ^ 2 2 fc - 



i (n- l)!(n- 2)! fc+1 2 +((n _ 1 )_ fc _ 1) 2 



fc=0 



((n-l)-A;-l)!) s 



This proves that 

||B+"$|| 2 < [4n(n- l)||/||^ + 2n||/|| 
Finally, one gets 



(10) 



+«rhl 12 



< 



n! 



+C"- 1 ) All 2 



Mn-^ll/IISo + anll/Hllll^^ll 



((»-l)0 s 



Hence, it is clear that if 411/H 2 ^ < 1, then the series J2 n >o ( n \) 2 converges. 
Necessity. Let / G L 2 (R d ) n L 2 (R d ) be such that ||/||oo > |- Put 

J = {xeR d , |/(x)|>i}. 

It is clear that \J\ > 0. In fact, if |J| = 0, this implies that a.e x G M. d , 
\f(x)\ < \ and H/lloo < \ i against our hypothesis. It follows that 



\m\> X j(x)\f(x)\>- X j(x), 



(11) 



for almost all x G M d . Note that from Proposition [U it is easy to show by 
induction that if 

\h(x)\ > \g(x)\, a.e 
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then 



\B+ n $\\ 2 > ||5+ n $|| 2 . (12) 



Hence, identities fllip and (1121) imply that 

E7iii«r*ii 2 sE7^ii«K*ii 2 



n>0 y ' n>0 v ' 

But, from Proposition [TJ one has 

l \Bt n n 2 /C \J\ n ijl^^ll 2 „ illBf^*!! 2 

2*j _l c \ J \ I n _V 2 x j " n-i" |xj " > 



(n!) 2 V In n J ((n-1)!) 2 ~ n ((n-1)!) 5 
n-ln-2 1 + $f = h\ B + $||2 = J_ij|2 

which proves that the series J2n>o J^W-^t^.^W 2 diverges. It follows that 

also the series J2 n >o (^TpH^*/ n &\\ 2 diverges. □ 
Theorem [3] implies that, whenever the quadratic exponential vectors are 
well defined, their scalar product 

(*(/),*(<?)> 

exists. More precisely the following results hold. 

Theorem 4 For all f,ge L 2 (R d ) n L°°(M. d ) such that 
ll/lloo < \ and \\g\\oo < \, then the integral 

[ ln(l - Af(s)g(s))ds 
Jm d 

exists. Moreover, one has 

(*(/),*(#)) = e"5 / R dln(l-4/(fl)g(s))ds_ ^3) 

Proof. Proposition [1] implies that, for any pair of step functions / = pxi, 
g = axi, where \p\ < ~, \a\ < \ and I cM. d such that its Lebesgue measure 
|/| < oo, one has 

{B f $) " C ^ 2 (((n-l)-A;-l)!) 2(/ ' 5 } 
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( B +(("-l)-*-l)$ )jB +((n-l)-fe-l)^ 



n-2 



k=0 



(((n-1) -*-!)!)* 



^+((»-l)-*-l) $)j g+((n-l)-*-l)^" 

+2ncpo-| J| (B+ (n_1) $, S+( n - 1 )$) 
4n(n - l)pa + 2ncpo-|J|l (S| (n_1) $, J B+ (n - 1) $). 



This gives 



W. 



r\f\ n-1 



2n 



n 



f 



((n-l)!) 5 



(14) 



On the other hand, if /, J C M d such that |/| < oo, | J\ < oo and I D J 
then by factorization property (see Theorem [T]) , one has 



Therefore, if we put 

F(p,a,|/|):= (* wcr ,* w ). 
then from (fl4j) . it follows that 



(15) 



F(p |ff ,|J| + |J|) = (* 



PX/uj ' ^ ct X/uj 



for all /, J C M d such that |/| < oo, | J\ < oo and J D J = 0. Moreover, 
identity (Tl5!) implies that 

F(p, a, |/| + | J|) = F(p, a, |/|)F(p, a, | J|) 

Thus, there must exists £ G M such that 

F(p,tT, |/|) = e W€ 

Put i = |/|. The number £ is obtained by differentiating at t = 0. Using 
relation (1141) one finds 



d 
eft 



t=o 



dt 



, ct n — 1, . c£ ,\ c (4pcr)" 
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n>l 



Hence, one gets 
^ dt 

This proves that the identity (Tl3l) holds true for any step functions 

f, ge L 2 (R d )nL°°(R d ) such that 1 1/| |oo < \ and H^U < \. 

By the factorization property (see Theorem [2]), it is easy to show that, if 

/ = E a PaXi a , 9 = e n where I Q n /„/ = for 

all a/a' and \p a \ < |, < | for all a, f3, then the equality f|T3|) is also 

satisfied. 

Note that the set v of functions / = J2 a P^Xi a is a dense subset in 
L 2 (R d ) n L°°(M d ) equipped with the norm || • || = || • + || • || 2 . 
Consider now two functions /, g in L 2 (M d ) fl L°°(IR d ) such that 
ll/llooi Nlloo < §■ Then, there exist (gj)j C and j £ N such that 

nm - /II = , lim ||<fc -flr|| = 

"J^OO j— >oo 

11/ilU < 2' llflilloo < ^ ; for all j > Jo- 

- First step: Let us prove that, under the assumptions of the theorem, the 
integral 

e -§ f ud ln(l-4f{s)g(s))ds 

exists and 

lim e"^ VM^/jWffiC*))^ _ e -f / Rd ln(l-4/(s) ff («))ds_ 

For 2,2* gC such that |^| < |, |z'| < |, we put 

h(t) = ln(l - A(tz + (1 - t)^)), * G [0, 1]. 
It is clear that h is a derivable function on [0, 1]. Hence, one has 

h(l) - h(0) = [ h'(t)dt. 
Jo 

This gives 

ln(l - 43) - ln(l - 43') = ( jf —^-Z*—^) (, - V). 
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It follows that 



ln(l - Az) - ln(l - Az') \ < sup 

*e [0,1] 



< 



l-4(te + (l - t)z') 
A 



< 



1 - Asup te[0>1] \tz + (1 - t)z'\ 
4 



\z — z 



\z — z 



1 — 4sup (\z\, \z'\ 



\z — z 



(17) 



Note that if we take z = f(s)g(s) and z' = 0, it is clear that \z\ < \ and 
\z'\ < |. Hence, identity (JTTj) implies that 



|ln(l-4/» 5 ( S ))| < 



< 



l-4sup(|/( S ) 5 ( S )|,0) 
1- 4H/II "-" 



I/OO0OOI 



00 CO 



This yields 



ln(l-4/(sMs))ds 



< 



< 



i-411/lloclMUi^ 

4 

1-411/HoolMlc 



|/(a)^(a)|da 



Then, under the assumptions of the above theorem, the right hand side term 
of equality (fT3ll exists. 

Now, take z = f(s)g(s) and z' = fj(s)gj(s)j, for j > j . Then, it is easy to 
show that \z\ < \ and \z'\ < \. Moreover, from (I17p . one has 



ln(l - Aj{s)g{s)) - ln(l - 4/ i ( S )^(s)) 
4 



< 



< 



< 



< 



l-Asn V {\f{s)g{s)l\f J {s)g J {s)\) 
4 

l-4sup(||/|| 00 |M| 00 ,||/ J -|| 00 ||^|| 
4 

4 



l-4sup(||/|| oo ||^|| oo ,sup i > i0 (||/ i || oo ||^|| oo )) 



\f{s)g{s))-f J {s)g ] {s)\ 
\f(s)g(s))-f 3 (s)g 3 (s)\ 

oo J 

— \f(s)9(s)) - fi(s)9i(s)\ 

oo / 
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for all j > j , where 
K 



l-4sup(||/|| 00 |H| (ii/iiuyu)) 

Therefore, for all j > jo, one obtains 

| ln(l - Af(s)g(s)) - ln(l - Af j (s)g j (s))\ 

< K\f(s)g(s)) - f(s) 9j (s)) + f(s) 9j (s)) - f^gM 

< K(\f(s)\ \(g(s)) - 9j (s)\ + 1/00 - /,(,)! \ 9j (s)\). 



This implies that 

( ln(l - 4f(s)g(s)) - ln(l - Af^g^ds 
<K [ \f(s)\\g(s))- 9j (s\ds + K [ |/(fl)-/i(fl)||»(a)|cfa 

JR d JR d 

<^(ii/li 2 ib-^ii2+iyi 2 |i/-/ i ii 2 ) as) 

for all j > jo- Note that it is clear that the term on the right hand side of 
(118"]) converges to 0, when j tends to oo. Thus, one gets 



lim / ln(l -Af j (s)g j (s))ds = / ln(l - 



Af{s)g(s))ds. 



This proves that 



lim e"^R dln(1 " 4 ^ (s)9j(s))ds = e -f /Kd ln d-4/»9(s))^_ 

- Second step: The following identity holds. 

lim<*(/ j ),*( 5i )> = (19) 

J->00 

In fact 

Wi),*a&)>=E7^4< s r*- B r*> 

n>0 ^ 

for all j > jo- Therefore, in order to prove (1191) it suffices to prove that 

lim (Bt n $, £+ n $) = 5+ n $), (20) 

J — ► OO J J 
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for all fiGN. Let us prove (I2(jp by induction. 

- For n = 1, one has 

(B+<S>,B+<t>} = c(f Jj9j ). 

This implies that 

\(B+<S>,B+<S>)-(B+<S>,B+<S>)\ = c\(J s , gj )-lJ,g)\ 

= c\((fj,9j)-(f,9i)) + {(f,9j)-(f,9))\ 
< cWf-fMtoh + cWg-gMfh 

which converges to 0, when j tends to oo. 

- Let n > 1, suppose that 

lim 5+ n $) = (S+ n $, J B+ n $). 

From Proposition [TJ one has 

(B+ ( " +1) *,B+<" +1 >*) - (B+ < " +1, <I>,B s +<" +1 ><I>) 



, fc+1 (n + l)!n! 



k=0 



{n-k)\ 

[(f* + \g* +1 }(Bl {n - k) $,B^<s>}-^ 

Note that 

(/r i ,^ +1 )(< n ^ ) $,5; { - /c) <f) - (/ fc+i ,^ +i )(fi; { "- fe) $,^ +( "- fc) $) 
= |ar\^ 1 )[(^ (n " fe) $,^ (n - fc) $) - (fi; (n - fe) $,s; ( "- fc) $)' 

+|(S / +M $, J B g + («- fc )$)||(/f +1 !5 f 1 ) - </ fc+ V +1 > 
and from the induction assumption it follows that 



(21) 



lim( J Bt (n - fc) $, J B+( n - fc) $) = (£t< n - fe J$,fl+(»~-*>$) 



'/J 



R +(r 



9j 



/ 



for all = 0, 1, n. Now, let us prove that 

lim(fi +1 ,g^ 1 ) = (f k +\g k + 1 ). 



(22) 



(23) 
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One has 

if k+1 ,g k+1 ) - (f k+ \g k+1 ) = (f k+1 - f k+ \g k+1 ) + (f k+ \g k+1 - g k+1 )- 

This gives 
Notice that 



fc+1 rk+l 



where Vj G L°°(M. d ) is a function on IR d , which depends on / and fj such that 



It follows that 



SUp \\Vj Hoc < OO 

j 



|| / fc + l_ /fe+ l|| 2 < sup || u .|| oo || / ._ / || 2 



which converges to 0, when j goes to oo. Thus, the relation (1231) holds true. 
Using all together (12TT) . fT22|) and (1231) . we have proved that 



1 

< - 

j 



for all fieN. This implies that there exists j\ £ N such that for all n e N 
Vj > ji- Hence, for all j > max (jf'o, Ji), one obtains 

n>0 ^ 



< 



7 ^ (n\Y 



which converges to 0, when j tends to oo. 

In conclusion, from ([IE]) and (1T91) . one deduces that 

K m P ,~i-fm dln ( 1 ~ 4 /i(%j(s))< fe = e -f J E iM 1 - 4 /( s )s( s )) lJs 
Jim ¥(«,■)> = (*(/), tffo)). 
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But, for all j > j 
This implies that 

□ 

4 Linear independence of the quadratic ex- 
ponential vectors 

The following lemma is an immediate consequence of the Schur Lemma. 

Lemma 7 If A = (di,j)i<i,j<N be a positive matrix. Then, for all n G N, 
the matrix {{a-i,j) n )i<i,j<N is also positive. In particular, (e aiJ )i<jj<7v is a 
positive matrix. 

Now, we prove the following. 

Lemma 8 Let fx, . . . , f N be functions in L 2 (M d ) fl L 00 (M <i ). Suppose that 
for all i,j = 1,...,N, there exists a subset ly of M. d such that \h t j\ > 
and fi(x) 7^ fj(x) for all x G Iij. Suppose that \supp(fi)\ > 0, for all 
i = 1, . . . , N . Then, the identity 

Xi(fi(x)) n + ... + X N (f N (x)) n = (24) 

for all n G N and for almost any x G M. d , implies that X± = . . . = Xn = 0. 

Proof. By induction. If N = 2, then one has 

Xi(fi{x)) n + X 2 (f 2 (x)) n = ; a.e x G R d (25) 

Suppose that Ai ^ 0. We can assume that there exists x G M d such that 
l/iC^o)! > 1/2(^0) I- From (T2"5"l) . it is clear that A 2 7^ and ^2(^0) 7^ 0. Hence, 
one gets 

*l = - Km (^!))" = 
A 2 n ->°° v /i(^o) y 
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This yields that Ai = 0, which is impossible by assumption. 
Let N > 2. Let A, . . . , f N in L 2 (lR d ) n L°°(R d ), which satisfy the hypotheses 
of the lemma. Suppose that if identity (jUj) holds, then Ai = . . . = Ajv = 0. 
Now, consider fi, . . . , f N , f N+1 in L 2 (R d ) n L°°(R d ), which satisfy the hy- 
potheses of the lemma and assume that 

Ai(/i(x)) n + . . . + X N (f N (x)) n + X N+1 (f N+1 (x)) n = (26) 

for all n G N and for almost any x G R d . Because the hypotheses satisfied by 
fx, . . . , /at, /jv+i, there exists x G R d such that for some io G {1, . . . , N+l}, 
one has 

l/io(z)l > l/ifaOl 

for alH G {1, . . . , N+ 1} and i ^ iq. Without loss of generality suppose that 
i = N + 1. So, identity (1261) implies that 



Aat+i = - lim 

n— >oo 



A / /i(gp) \" | | X J f N (x ) 
1 \f N +i{xo)J "' N \f N+ i{x ) 



0. 



Hence, one gets A^+i = and, by the induction assumption, one can conclude 
that Ai = . . . = X N = 0. □ 
As a consequence of Lemmas [TJ El we prove the following theorem. 

Theorem 5 Let / 1; . . . , f N be functions in L 2 (R d )nL°°(R d ) such that \\fiWoo < 
| for all i = 1, . . . , N. Suppose that for all i, j = 1, . . . , N , there exists a sub- 
set Iij ofR d such that \Ii,j\ > and fi(x) ^ fj{x) for all x G Iij. Then, the 
quadratic exponential vectors • • • , ^(/jv) are linearly independents. 

Proof. Let A = (ay)ii-=i) where 

dij = - ln(l - fi(x)fj(x))dx. 

JR d 

Then, one has 

N N 



AjAj-ajj = - XiXj / ln(l - fi(x)fj(x))dx 

. 1 N 



/ E-| A i(A( :r )) n + --- + A ^(/^)) n 2 dx>0. (27) 
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Thus A is positive definite. Now, let Ai, . . . , Ajv be scalars such that 

Ai*(/ X ) + . . . + KWn) = 0. (28) 
Then, identity (128]) holds if and only if 

II A!^(A) + . . . + A^(/^) || 2 = 0. 

That is 

N N 
i,j=l i,j=l 

where 

Note that idendity (1291) implies that 

n>0 *J=i 

Recall that A is a positive matrix. Then, Lemma [7] implies that for all n G N, 
the matrix ((«ij) n )i<i,j<v is also positive. So, from fl30|) . one has 

v 

]T A,A ; S>,,,/)" = 

for all n£l. In particular, 

AT 

/J AiAj-aj j = 0. 

Therefore, from (l27j) . one gets 

Ai(A(a;)) n +... + A^(/ JV (a ; )r = 0, (31) 



for all n G N and for almost everywhere x G 

- First case: For all i,j = 1, ... ,7V, there exists a subset ijj of R d such 
that \I it j\ > 0, fi(x) 7^ /y(^) for all x G Jjj and |swpp(/j)| > 0, for all 
i — 1, ... ,7V. Then, identity ([3~T1) and Lemma [8] imply that Ai = . . . Ajy = 0. 
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- Second case: There exists i G {1, . . . , iV} such that f io = 0, a.e. From 
the assumptions of the above theorem, it is clear that \supp(fi)\ > for all 
i 7^ iq. Without loss of generality, suppose that io = N. Then, identity (pTTj) 
becomes 

\i{fi{x)) n + ... + \ N - 1 (f N -i(x)) n = 

for all n G N and for almost everywhere x G M d . Moreover, the functions 
fi, . . . , /jv-i satisfy the hypotheses of Lemma [5J which implies that Ai = 
. . . Ajv-i = 0. Now, taking account of (12"5|) . one obtains that Ai = . . . A^ = 0. 
This ends the proof. □ 



5 Property of the family set of quadratic ex- 
ponential vectors 

In this section, we prove that the set of the quadratic exponential vectors is 
a total set in the quadratic Fock space. 

Theorem 6 The set of the quadratic exponential vectors is a total set in the 
quadratic Fock space. Moreover, one has 



i dt n 



t= *{tf) (32) 



for all f G L 2 (R d ) nL°° M 



Proof. If ||/||oo = then fl32|) is clearly verified. Therefore we can assume 
that / G L 2 (R d ) n L°°(R d ) such that ||/||oo > 0. Consider < t < 5 with 

i< 1 



Recall that for all < t < 5, one has 



-im 

*(*/) = E S n ®- 

m>0 



Then, for all m > n, one has 



An , j.m . ftn—n 

dt n \m\ 1 / (m — n)\ 3 
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It is obvious that for all < t < 5 the quadratic exponential exists and one 
has 

j.m—n £m—n 
h vS m ^\ ^ 7 ^H S / +m$ ll = : U m- 

[m — n)\ 1 {m — n)'. 1 



But, from identity ([TO]) , one has 

4m(m- 1)||/||L + 2m 



| J B+ m $|| 2 < 



\ B Hm- D $ ||2_ 



This proves 



^4m(m- 1)11/11^ + 2ml 1 --' |2 
m — n 



r r x V y 1 1 ^ lloo 1 "\\J 1 1 2 c ri 

— u m-l- 



This yields 

lim i^<2||/|| 0O 5<l. 

m-^oo U m -i 



Then, the series U m converges. Therefore, one gets 

Jn , -im . Jn , 4-m . j.m— n 

— ( Y — Bf n <5>) = V— — B+ m $) = Y— B+ m $. 

dtn^ra! ^ / ^ dt n \m\ ' ) ^ (m - n)\ } 

m>0 m>n m>n v ' 

Finally, by taking t = the result of the above theorem holds. □ 
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